
Linear Algebra 2, University of Groningen H.M. Goossens

Lecture 1

5.4 Inner product space:

Definition 5.4.1:
Inner product space: Let x,y ∈ V then:

〈x,x〉 ≥ 0 iff x 6= 0

〈x,y〉 = 〈y,x〉 ∀x,y ∈ V
〈αx + βy, z〉 = α〈x, z〉+ β〈y, z〉 ∀x,y, z ∈ V α, β ∈ R

Standard inner product:

〈x,y〉 = xT ,y

〈x,y〉 =

n∑
i=1

xiyiwi (5.4.1)

where w has positive entries, andwi called Weights.

Vector spaceRm×n ForA,B ∈ Rm×n 〈A,B〉 =

m∑
i=1

n∑
j=1

aijbij

Vector spaceC[a, b] For f, g ∈ C[a, b] 〈f, g〉 =

b∫
a

f(x)g(x)dx

Vector spacePn x1, . . . , xn distinct real numbers 〈p, q〉 =

n∑
i=1

p(xi)q(xi)

(5.4.2,3,5)

Norm, Phytagorean law:

Norm: length of a vector v ∈ V given by

‖v‖ =
√
〈v,v〉

u,v ∈ Rn Orthogonal if 〈u,v〉 = 0
Frobenius norm: forA ∈ Rm×n ‖A‖f =

√
(〈A,A〉)

Theorem 5.4.1. Pythagorean Law
u,v orthogonal then

‖u + v‖2 = ‖u‖2 + ‖v‖2
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Projection:

Definition 5.4.2:
u,v ∈ V and v 6= 0 then:

scaler projection of u onto v α =
〈u,v〉
‖v‖

Vector projection of u onto v p = α

(
1

‖v‖
v

)
=
〈u,v〉
〈v,v〉

v

(5.4.7)

Observations:
v 6= 0 and p projection u onto v then:
1) u− p and p orthogonal. 2) u = p iff u scaler multiple v
Proofs: in book.

Cauchy-Schwarz inequality:

Theorem 5.2: Cauchy schwartz inequality:
u,v ∈ V then

|〈u,v〉| ≤ ‖u‖‖v‖ (5.4.8)

iff u,v linearly dependent.
Proof:

1) v = 0⇒ |〈u,v〉| = 0 = ‖u‖‖v‖

2) &v 6= 0⇒ p⊥u− p⇒ ‖p‖2 + ‖u− p‖2 = ‖u‖2 ⇒ ‖p‖2 = ‖u‖2 − ‖u− p‖2

(〈u,v〉2 = ‖u‖2‖v‖2 − ‖u− p‖2‖v‖2 ≤ ‖u‖2‖v‖2 (5.4.9)

We see that (5.4.9) holds iff u = p so if v = 0 or u multiple of v, so when u and v linearly independent.
consequence:
u 6= 0 and v 6= 0 so then

−1 ≤ 〈u,v〉
‖u‖‖v‖

≤ 1⇒ ∃uniqueθ ∈ [0, π]s.t. cos(θ) =
〈u,v〉
‖u‖‖v‖ (5.4.10)

Normed linear space:

Definition 5.4.3:
V Normed linear space if v ∈ V there is a associatednorm ‖v‖ ∈ R satisfying

1)‖v‖ ≥ 0 equility iff v = 0

2)‖αv‖ = |α|‖v‖ for anyα ∈ R
3)‖v + w‖ ≤ ‖v‖+ ‖w‖ ∀v,w ∈ V

Number 3 is called Triangle inequality

Theorem 5.4.3
V inner product space then the following equation defines a norm onV

‖v‖ =
√
〈v,v〉 for all v ∈ V

Definition 4:
x,y vectors. Then distance between xand y defined by ‖y − x‖
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Lecture 2

Orthogonal and orthonormal:

Parallelogram on V iff: 2‖u‖2 + 2‖v‖2 = ‖u + v‖2 + ‖u− v‖2,∀u&v ∈ V
{v1, . . . ,vn}:
Orthogonal set: iff 〈vi,vj〉 = 0 ,for all i 6= j
Definition 5.5.1
textscOrthonormal set: orthogonal set with extra condition: ‖vi‖ = 1 for all i

Notation: Kronecker delta symbol: δij =

{
1 if i = j

0 if i 6= j

Orthonormal set of vectors: orthogonal set of unit vectors.

theorem 5.5.1:
{v1, . . . ,vn} orthogonal set, then v1, . . . ,vn linearly independent.
Proof:
c1v1 + . . .+ cnvn = 0 implies c1, . . . , cn = 0 Take j ∈ {1, . . . , n} then we have:
0 = 〈c1v1 + . . .+ cnvn, vj〉 = c1〈v1,vj〉+ . . .+ cn〈vn,vj〉
All zero ,because orthogonal except 〈vjvj〉
So we know that 0 = cj〈vj ,vj〉 so cj = 0 so lin. independent.

BOrthonormal basisS ifB = {u1,u2, . . . ,uk} andS = Span(u1,u2, . . . ,uk)

Theorem 5.5.2:

{u1,u2, . . . ,un} orhtonormal basisV. If v =

n∑
i=1

ciui ⇒ ci = 〈v,ui〉

Proof〈v,ui〉 =

〈 n∑
j=1

cjuj ,uj

〉
=

n∑
j=1

cj〈uj ,ui〉 =

n∑
j=1

cjδji = ci

Corollary 5.5.3:
Let {u1, . . . ,un} orthonormal basisV then:

u =

n∑
i=1

aiui & v =

n∑
i=1

biui → 〈u,v〉 =

n∑
i=1

aibi

Proof:
By theorem 5.5.2 〈v,ui〉 = bi i = 1, . . . , n so therefore

〈u,v〉 =

〈 n∑
i=1

aiui,v

〉
=

n∑
i=1

ai〈ui,v〉 =

n∑
i=1

ai〈v,ui〉 =

n∑
i=1

aibi

Corollary 5.5.4: Formula of parseval

{u1, . . . ,un} orthonormal basisV& v =

n∑
i=1

ciui ∈ V ⇒ ‖v‖2 = 〈v,v〉 =

n∑
i=1

c2i

Definition 5.5.2:Q ∈ Rn×n Orthogonal matrix if column vectorsQ form orthonormal set inRn
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Theorem 5.5.5:
Q ∈ Rn×n orthogonal iffQTQ = I
Proof:
Column vectors: qTi qj = δij . Because qTi qj is (i, j) entry ofQTQ⇒ Q orthogonal ⇔ QTQ = I
Properties orthogonal matrices:
Q ∈ Rn×n then

a) column vectorsQ orthonormal basisRn

b)QTQ = I

c)QT = Q−1

d) 〈Qx, Qy〉 = 〈x,y〉

e) ‖Qx‖2 = ‖x‖2

Permuation matrix:P by reodering the columns of I in the order (k1, . . . , kn) thenP = (ek1 , . . . , ekn).
IfA ∈ Rm×n then

AP = (Aek1 , . . . , Aekn) = (ak1 , . . . ,akn)

Least square solution:
A ∈ Rm×n and b ∈ Rm.

Definition 1 find x̂ ∈ Rn s.t. ‖Ax̂− b‖2 is minimal

Definition 2 minimize r : Rn 7→ [0,∞] where r := ‖Ax− b‖2

Definition 3 find orthogonal projection p of b onto subspaceR(A)

Normal equation:ATb−ATAx̂ = 0
Derive normal equations:∀x

b−Ax̂⊥R(A)⇔ (Ax)T (b−Ax̂) = 0⇔ xT (ATb−ATAx̂) = 0⇔ ATb−ATAx̂ = 0

Theorem 5.5.6:
If column vectorsA orthonormal set thenATA = I and solution least squares problem is

x̂ = Atb

Proof:
Column vectorsA orthonormal⇒ ATA = I so then

ATb−ATAx̂ = 0⇔ ATb− I · x̂ = 0⇔ x̂ = ATb

Theorem 5.5.7:
S subspaceV and x ∈ V . Let {u1, . . . ,un} orthonormal basisS.If

p =

n∑
i=1

ciui (5.5.3)

where
ci = 〈x,ui〉 ∀i (5.5.4)

then p− x ∈ S⊥
Proof:
By using the definitions (see book)
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Lecture 3

Theorem 5.5.8:
Let p be the element inS closest to x. So

‖y − x‖ > ‖p− x‖ for any y 6= p ∈ S

Proof:
y ∈ S and y 6= p then

‖y − x‖2 = ‖(y − p) + (p− x)‖2

since y − p ∈ S and Theorem 5.5.7+ Pythagorean Law

‖y − x‖2 = ‖y − p‖+ ‖p− x‖2 > ‖p− x‖2

Corollary 5.5.9:
S nonzero subspaceRm and b ∈ Rm. If {u1, . . . ,uk} orthonormal basisS andU = (u1, . . . ,uk) then
projection of b ontoS given by

p = UUTb

Proof:
By theorem 5.5.7:

p = c1u1 + . . .+ ckuk = Uc where c =

[
c1
...
ck

]
=

 uT1 b

...
uTk b

 = UTb

Gram-Schmidt Proces:

Theorem 5.6.1:

{x1, . . . ,xn} basisV

define u1 =

(
1

‖x1‖

)
x1

define recursively u2, . . . ,un : uk+1 =
1

‖xk+1 − pk‖
(xk+1 − pk) for k = 1, . . . , n− 1

wherepk = 〈xk+1,u1〉u1 + . . .+ 〈xk+1,uk〉uk

Then {u1, . . . ,un} orthonormal basisV
Proof:
By induction.
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Lecture 4

Applications of GS-proces:

Theorem 5.6.2:
A ∈ Rm×n of rankn thenA can be factored inA = QRwhereQ ∈ Rm×n orthogonal andR ∈ Rn×n uper
triangle with positive diagonal entries.
Note:R nonsingular since det(R) > 0
Proof:
By Gram-Schmidt Proces and induction.

Theorem 5.6.3:
IfA ∈ Rm×n and of rankn then least square solution by x̂ = R−1QTb.
We may obtain x̂ by backsubstubtitution to solveRx = QTb
Proof:

Ax = b⇔ ATAx = ATb⇔ (QR)TQRx = (QR)Tb

RT (QTQ)Rx = RTQTb⇔ RTRx = RTQT&b⇔ Rx = QTb⇔ x = R−1QTb = x̂
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Lecture 5

Definition 6.1.1:
A ∈ Rn×n andλ ∈ R is Eigenvalue/characteristic value if exists x ∈ Rn s.t.Ax = λx. Then x is
called Eigenvector/characteristic vector belonging toλ.
Equivalent:
A ∈ Rn×n andλ ∈ R and x ∈ Rn

1) λ eigenvalueA

2) (A− λI)x = 0 has nontrivial solution

3) N(A− λI) 6= {0}
4) A− λI singular

5) det(A− λI) = 0

Some facts:

1)λ ∈ Ceigenvalue⇔ λ ∈ Ceigenvalue

Reason: Ax = λx⇔ Ax = λx⇔ Ax = λx

2) det(A) = p(0) = λ1 · λ2 · · · · · λn
Reason see equation 6.1.4 till 6.1.6

3) tr(A) =

n∑
i=1

λi =

n∑
i=1

aii

Reason Point 2

B ∈ Rn×n is similar toA ∈ Rn×n if there exists nonsingularS s.t.B = S−1AS
Theorem 6.1.1:
A,B ∈ Rn×n. B similar toA if they have the same characteristic polynomial and therefore the same
eigenvalues.
Proof:

pB(λ) = det(B − λI) = det
(
S−1AS − λI

)
= det

(
S−1(A− λI)S

)
= det

(
S−1

)
det(A− λI) det(S) = pA(λ)

Theorem 6.3.1:
λ1, . . . , λk distinct eigenvalues ofA ∈ Rn×n then corresponding eigenvectors x1, . . . ,xk are linearly
independent.
Proof: See book.
Definition 6.3.1:
A ∈ Rn×n diagonalizable if∃nonsingularX ∈ Rn×n&diagonalD ∈ Rn×n s.t. ,x−1AX = D
ThenX diagonalizesA
Theorem 6.3.2:
A ∈ Rn×n diagonalizable⇔ A hasn lin. independent eigenvectors.
Proof: See book, there are also remarks there.
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Lecture 6

Complex plane:

field: a setK satisfies axioms.
TodayK = C so:

z =

(
z1
...
zn

)
w =

(
w1

...
wn

)
with zi, wi ∈ C so then

n∑
i=1

ziwi = zTw ∈ C

when z = a+ bi⇒ z = a− bi
zT = z∗ = zH called Hermitian transpose

‖z‖ =
√

zHz
Definition 6.4.1:
V inner product space w, z ∈ V then 〈z,w〉:

1)〈z, z〉 ≥ 0 equility iff z = 0

2)〈z,w〉 = 〈w, z〉 ∀z,w ∈ V
3)〈αz + βw,u〉 = α〈z,u〉+ β〈w,u〉

We also see that 〈z,w〉 = wHz

Hermitian matrix:

M = (mij) ∈ Cm×n withmij = aij + bij so then we have thatM = A+ iB ⇒M = A− iB.
For matrices we have the following rules:

1)(AH)H = A 2)(αA+ βB)H = αAH + βBH 3)(AC)H = CHAH

Definition 6.4.2:
MatrixM is Hermitian ifM = MH

Theorem 6.4.1:
The eigenvalues of Hermitian matrix are real. Furthermore, eigenvectors belonging to distinct eigen-
values are orthogonal.
Proof: See book.

Unitary matrices and diagonalizibility:

Definition 6.4.3:
n× nmatrixU is unitary if column vectors form orthonormal set inCn.
Theorem (numberless):
U is unitary⇔ UHU = In×n ⇔ U is nonsingular andU−1 = UH

Corollary 6.4.2:
Eigenvalues HermitianAdistinct⇒ ∃unitaryU that diagonalizesA
Proof: See book.

Theorem 6.4.3:Scur’s Theorem
For eachn× nmatrixA there exists unitaryU s.t.UHAU is upper triangular.
Proof: Really long, by induction, see book.
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Lecture 7

Theorem 6.4.4:
IfAHermitian then there exists unitaryU that diagonalizesA.
Proof:
By theorem 6.4.3. existsU s.t.UHAU = T . Furthermore:

TH = (UHAU)H = UHAHU = UHAU = T

SoT is Hermitian and therefore diagonal.

Definition 6.4.4:
subspaceS ⊂ Rn is invariant underA if x ∈ S ⇒ Ax ∈ S for each x

Lemma 6.4.5:
A ∈ Rn×n withλ1 = a+ bi, with a, b ∈ R and b 6= 0.
Let z = x + iy with x,y ∈ Rn belonging toλ1. IfS = span(x,y) then dimS = 2 andS is invariant
underA.
Proof:

Az1 = λ1z1

Az1 = Ax + iAy

λ1z1 = (a+ bi)(x + iy) = (ax− by) + i(bx + ay)

⇒ Ax = ax− by Ay = bx + ay

w = c1x + c2y ∈ S
Aw = c1(ax− by) + c2(bx + ay) = (c1a+ c2b)x + (c2a− c1b)y
⇒ Aw ∈ S

Theorem 6.4.6: Real schur decomposition:
LetA ∈ Rn×n. Exists orthogonalQ ∈ Rn×n and ”quasi upper triangleT ∈ Rn×n s.tA = QTQT

T =

B1 ... ... ...
0 B2 ... ...

·
. . .

. . .
...

0 ... 0 Bk


Bi’s are 2× 2 or 1× 1 and determined as follows:
Compute all eigenvaluesλ1, . . . , λn ofA
Supposeλ1, . . . , λr not real andλr+1, . . . , λn real.
λ1, . . . , λr appear in complex conjugate pairs, say:
λ1, λ1, λ2, λ2, . . . , λ r2 , λ

r
2

Supposeλj = aj + ibj andλj = aj − ibj This gives r2 , 2× 2 matricesBj =
(
aj bj
−bj aj

)
The remaining realλr+1, . . . , λn given− r ,1× 1 matrices namelyBj = λj
Proof: skipped.
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Corollarly 6.4.7:spectral Theorem for Real symmetric matrices
A real symmetric, then∃ orthogonalQdiagonalizesA:
QTAQ = DwhereD diagonal.

A is Skew Hermitian: ifAH = −A

Definition 6.4.5:
A isnormal ifAAH = AHA.
How to derive this?

AH = UDHUH ⇒ A = UDUH

AAH = UDUHUDHUH = UDDHUH

AHA = UDHUHUDUH = UDHDUH

sinceDHD = DDH =


|λ1|2

|λ2|2

...
|λn|2

⇒ AAH = AHA

A matrix has a complete orthonormal set of eigenvectors iff it is normal.

Theorem 6.4.8:
A is normal iffA possesses a complete orthonormal set of eigenvectors:
Proof: See book.
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Lecture 8

Theorem 6.5.1 ifA ism× n thenA has SVD

Proof:

Long proof, intermediate facts and their proofs.

Step 1: Finding singular values

Proof:

A λi ∈ R for i = 1, . . . , n.factλi ≥ 0

proof ATAxi = λixi ⇒ xTi A
TAxi = λi‖xi‖2 ⇒ ‖Axi‖2 = λi‖xi‖2

⇒ λi ≥ 0

B Relabel eigenvalues:λ1 ≥ . . . ≥ λn.fact rank(A) = r ⇒ λr+1 = . . . = 0

Proof V nonsingular and orthogonal ⇒ ATA = V DV T ⇒ V DV T = D ⇒ rank (ATA) = rank (D)

also rank(AAT ) = n− dimN (ATA) = n− dimN (A) = rank(A)

⇒ rank(ATA)− rank(D) = Rank(A) = r

⇒ λ1 ≥ . . . ≥ λr > 0 λr+1 = . . . = λn = 0

C σ1 ≥ . . . ≥ σr > 0&σr+1 = . . . = σn = 0

Proof σi =
√
λi for i = 1, . . . , n

σ1 ≥ . . . ≥ σr > 0 σr+1 = . . . = σn = 0

Step 2: Finding orthogonal V

LetV1 = (v1, . . . ,vr) V2 = (vr+1, . . . ,vn) Σ1 =

 σ1
σ2

. . .
σr

 Σ =
(

Σ1 O
O O

)
A AV2 = 0

proof V Σ⇔ ATA ( V1 V2 ) = ( V1 V2 )
(

Σ1 O
O O

)
⇔ ( ATAV1 ATAV2 ) = ( V1Σ1 0 )

ATAV2 = 0⇒ V T2 AV2 = 0.Let x ∈ Rn−r

⇒ xTV T2 A
TV2x = 0⇔ (AV2x)T (AV2x) = 0⇔ ‖AV2x‖2 = 0

x arbitrary ⇒ AV2 = 0

B AV1V
T
1 A = A

Proof V V T = I ⇒ ( V1 V2 )
(
V T1
V T2

)
= I ⇒ V1V

T
1 + V2V

T
2 = I

⇒ AV1V
T
1 = A(I − V2V

T
2 ) = A⇒ AV1V

T
1 = A
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Step 3: Finding an orthogonal U

Σ =
(

Σ1 0
0 0

)
U = ( U1 U2 ) whereU1 = m× r&U2 = m× (m− r)

U1 = ( u1 ... um ) withui =
1

σi
Avi

A {u1, . . . ,ur} orthonormal set inRm

Proof uTi ui =

(
1

σi
Avi

)T
1

σi
Avi =

1

σ2
i

vTi A
TAvi.

letATAvi = λvi = σ2
i vi ⇒ uTi ui = 1

i 6= j ⇒ uTi uj =

(
1

σi
Avi

)T
1

σj
Avj =

1

σiσj
vTi A

tAvj =
σ2
j

σiσj
vTi vj = 0

Step final: Final conclusion:

We have:

UiΣ = ( 1
σ1
Av1 ...

1
σr
Avr )

(
σ1

. . .
σr

)
= (Av1 Av2 ... Avr ) = AV1

TakeU2 s.t. (U1|U2) orthogonal by Gramm schmidt.
When we calculateUΣV T we find:

( U1 U2 )
(

Σ1 O
O O

) ( V T1
V T2

)
= U1Σ1V

T
1 = AV1V

T
1 = A

Observations about SVD:

In this little part I will use ONB for Orthonormal Basis.

1) σ1, . . . , σn ofA uniqueU, V not

2) V diagonalizesATA⇒ vjeigenvectorsATA

3) AAT = UΣΣTUT ⇒ U DiagonalizesAAT and uj eigenvectorsAAT

4a) AV = UΣ⇒ Avj = σjuj for j = 1, . . . , n

4b) ATU = V ΣT ⇒ ATuj = σjvj for j = 1, . . . , n.ATuj = 0for j = n+ 1, . . . ,m

5) rank(A) = r ⇒ a) v1, . . . ,vr ONBR(AT ) & b)vr+1, . . . , vn ONBN (A)

c) u1, . . . ,ur ONBR(A) & d)ur+1, . . . ,un ONBN (AT )

7) rank(A) = r < nwe setU1 = (u1, . . . ,ur) V1 = (v1, . . . ,vr) and

A = U1Σ1V
T
1 called compact form of the SVD ofA (6.5.6)

Proofs: in the book.
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Application:

rank (A) = nwhereA ∈ Rn×n soA injective.
Claim: There existsAT s.t.ATA = In×n
Proof:

A = UΣV T with Σ =


σ1 ... 0

...
...

0 ... σn
0 ... 0
...

...
...


define , AT = V ( Σ−1

1 0 )UT ⇒ ATA = V ( Σ−1
1 0 )UTU

(
Σ1
0

)
V T = V V T = In×n

Left inverse ofA isAT . Is not unique: AT := V ( Σ−1
1 R )UT whereR ∈ Rn×(m−n) is arbitrary but

besides that also satisfiesATA = I

Note:

All above was forn ≤ m so tall and square case
What about the fat case soA ∈ Rm×n wherem ≤ n
Solution: SVD ofAT ∈ Rn×m

AT = U
(

Σ1 0
0 0
0 0

)
V
T

where Σ1 =

(
σ1

. . .
σr

)
whereσ1 ≥ . . . ≥ σr > 0 and r = rank(AT )

⇒ A = V
(

Σ1 0 0
0 0 0

)
U
T

DefineU := V , V := U ⇒ σi = σ

Consequence: do not distinguish them. One theorem:
Theorem:
A ∈ Rm×n and rank (A) = r ≤ min(n,m). Existsσ1 ≥ . . . ≥ σr > 0 and orthogonalU ∈
Rm×m andV ∈ Rn×n s.t.A = U

(
Σ1 0
0 0

)
V T

The southeast corner is equal to (m− r)× (n− r)

Note:

rank(A) = n so injective then the O-matrices right side absent.
If rank(A) = m so surjective then the O-matrices on bottom absent.
IfA square and nonsingular, then all O-matrices absent.
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Lecture 9:

Applications:

LetA ∈ Rm×n and rank(A) = r pick integer kwith 0 ≤ k < r
How far isA away from having rank at most k

Define:

Frobenius norm ‖M‖F :=

√√√√ m∑
i=1

n∑
j=1

m2
ij =

√
tr(MTM)

Mk := {S ∈ Rm×n|rank(S) ≤ k}
Distance d(A,Mk) = inf{‖A− S‖F |S ∈Mk}where inf = min

So we want to findX ∈M)k s.t. ‖A−X‖F = d(A,Mk)
Note:Mk ⊂ Rm×n not a linear subspace so least squares not possible.

Some theorems:

Lemma 6.5.2
,andA ism× n andQ ism×m orthogonal, then ‖QA‖F = ‖A‖F
Proof:

‖QA‖2f = ‖Qa1, . . . , Qan‖2F =

n∑
i=1

‖Qai‖22 =

n∑
i=1

‖ai‖22 = ‖A‖2F

because ‖A‖F =
∥∥ΣV T

∥∥
F

it follows that

‖A‖F =
√
σ2

1 + . . .+ σ2
n

Theorem 6.5.3:
A = UΣV T ism× n andMk denotes the set of rank r or less where 0 < k < rank(A). IfX ∈Mk then

‖A−X‖F =
√
σ2
k+1 + . . .+ σ2

n

Proof:

‖A−X‖F =
∥∥UΣV T −X

∥∥
F

=

∥∥∥∥∥
( σk+1

. . .
σn

)∥∥∥∥∥
F

=
√
σ2
k+1 + . . .+ σ2

n
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Special case of application:

LetA ∈ Rn×n nonsingular, how far from singular.
S ∈ Rn×n singular⇔ rank(S) ≤ n− 1. so distance ofAbeing singular is d(A,Mn−1)
LetX ∈Mn−1 and ‖A−X‖F = d(A,Mn−1)

d(A,Mk) =
√

(σ2
k+1 + σ2

k+2 + . . .+ σ2
n)

After SVD ofA and defineX := U
(

Σ1 0
0 0

)
V T where Σ1 =

(
σ1

. . .
σr

)
We see thatX ∈Mk and ‖A−X‖F = d(A,Mk) soX is a best approximation inMk ofA
Other way:
Distance to singularity:
Note thatMn−1 ⊂ Rn×n is the set of all singularn× nmatrix.
Accoarding theorem 6.5.3 we see that d(A,Mn−1) = ‖A−X‖F =

√
σ2
n = σn

We have thatA = UΣV T with Σ =

(
σ1

. . .
σn

)
so thenA′ = UΣ′V T with Σ′ =

( σ1

. . .
σn−1

)
best

approximation. IfA = U1Σ1V
T
1 we see that we can rewriteA =

r∑
i=1

σiyiv
T
i where r = rank(A)
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Lecture 10:

Quadratic forms:

Definition 6.6.1:
Quadratic equation two variables

ax2 + 2bxy + cy2 + dx+ ey + f = 0

( x y )
(
a b
b c

)
( xy ) + ( d e ) ( xy ) + f = 0

(6.6.1,2)

And when we let x = ( xy ) andA =
(
a b
b c

)
Quadratic form associated with quadratic equation: xTAx = ax2 + 2bxy + cy2

Theorem 6.6.1: Principal Axes Theorem:
A ∈ Rn×n symmetric then change of variables u = QTx s.t. xTAx = uTDu whereD diagonal.
Proof:
A real symmetric, so by Corollary 6.4.7 we know that exists orthogonalQ that diagonalizeA soQTAQ =
D. When we substitute u = QTx then x = Qu and by substitution it is correct.

Definition 6.6.2: Classical Calculus problem
LetF (x) real-valued function onRn. A point x0 ∈ Rn ,stationary point ofF if all first partial
derivatives ofF exists at x0 and are zero.

Definition 6.6.4
LetA ∈ Rn×n be symmetric.
(1)Apositive definite if xTAx > 0 then x 6= 0Notation:A > 0
(2)ANegative definite if xTAx < 0 then x 6= 0Notation:A < 0
(3)Apositive semi-definite if xTAx ≥ 0 then∀x ∈ Rn Notation:A ≥ 0
(4)Anegative semi-definite if xTAx ≤ 0 then∀x ∈ Rn Notation:A ≤ 0
(5)A < 0⇔ −A > 0 andA ≤ 0⇔ −A ≥ 0
(6)A indefinite if xTAx cantake positive as negative real values.

Theorem 6.6.2:
A ∈ Rn×n symmetric,λi ∈ R for i = 1, . . . , n eigenvalues. Then we have that

a) A > 0⇔ λi > 0

Proof⇒ x corresponding eigenvector xTA&x = λxTx = λ‖x‖2

λ =
xTAx

‖x‖2
because both greater then 0⇒ λ > 0

Proof⇐ {u1, . . . ,un}Orthonormal set eigenvectorsA

x ∈ Rn ⇒ x = c1u1 + . . .+ cnun where ci = xTui ⇒ xTAx =
n∑

i=1

c2i λi

because ci ∈ R⇒ c2i > 0 andλi > 0⇒ xTAx > 0⇒ A > 0

b) A < 0⇔ λi < 0

c) A ≥ 0⇔ λi ≥ 0

d) A ≤ 0⇔ λi ≤ 0

e) A indefinite⇔ eigenvalues different sign
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Hessian matrix:

General case:

ForC2 functionR2 → R and stationary point x0 ∈ Rn Hessian matrix:

H(x0) = (hij) wherehij = Fxi,xj (x0)

3 options:
(1)H(x0) > 0⇒ x0 local minimum
(2)H(x0) < 0⇒ x0 local maximum
(3)H(x0) indefinite⇒ x0 saddle point.

Leading principal submatrix of order r: the upperleft cornerAr of size r×r in the main square
matrix.
Example:

A =
(

1 2 3
2 1 0
3 0 4

)
thenA1 = 1 andA2 = ( 1 2

2 1 ) andA3 = A

Theorem 6.7(.1):

A ∈ Rn×n symmetric then following properties:

Property 1 A > 0⇔ det(A) > 0

proof det(A) =

n∏
i=1

λi > 0

Property 2 A > 0⇔ Anonsingular

Proof by definition det(A) 6= 0⇔ A nonsingular

A ∈ Rn×n then following 5 equivalent:

1) A > 0

2) det(Ar) > 0 for r = 1, . . . , n

3) A can be reduced to upper triangular by only row operation 3

4) ∃lower triangularLpositive elements s.t.A = LLT

5) ∃nonsingularB s.t.A = BTB

Proof:

5⇒ 1 A = BTB and x 6= 0⇒ xTAx = ‖Bx‖2 > 0⇒ A > 0

1⇒ 2 A > 0 take 1 ≤ r ≤ n⇒ A = (Ar ∗∗ ∗ ) .let x = ( x1
0 ) wherex1 6= 0

⇒ xTAx = xT1 Arx1 ⇒ left part greater then 0, so right part so det(Ar) > 0

2⇒ 3 See Book

3⇒ 4 See Book

4⇒ 5 A = LLT ⇒ B = LT ⇒ A = BT (BT )T = BTB
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Lecture 11:

A ∈ Cn×n with pi ∈ C for i = 1, . . . , n then Characteristic polynomial:

How we learned it: pA(t) = det(A− tI) = (−1)n(tn + pn−1t
n−1 + . . .+ p1t+ p0)

More general: pA(t) = pnt
n + pn−1t

n−1 + . . .+ p1t+ p0

So then we have that: pA(A) = pnA
m + pn−1A

n−1 + . . .+ p1A+ p0I

Cayley Hamilton theorem: pA(A) = OwhereO ∈ Rn×n is the zero-matrix.
Example:
A = ( 0 1

0 0 ) then ρA(t) = t2 and ρA(A) = ( 0 1
0 0 )

2
= ( 0 0

0 0 )

Proof linearly dependent:

Cn]timesn has dimensionn2. Hencen2 + 1 matrices I, A,A2, . . . , An
2

lin. dependent.
So∃α0, α1, . . . , αn2 s.t.α0I + α1A+ α2A

2 + . . .+ αn2An
2

= 0

Accoarding the Cayley Hamilton theorem:
1) Already I, A,A2, . . . , An are linearly dependent.
2) Required coeeficients are in characteristic polynomialA:

pA(t) = (−1)n(tn + pn−1t
n−1 + . . .+ p1t+ p0)⇒ p0I + p1A+ . . .+ pn−1A

n−1 +An = 0

2 Lemma’s:

LetA,B ∈ Rn×n

Lemma 1: ∃ nonsingularP s.t.B = P−1AP, thenA&B same characteristic polynomial

Proof B = P−1AP soB similar toA⇒ pA(s) = pB(s)

Lemma 2: B =


0 0 ... 0 −b0
1 0 ... 0 −b1
0 1 ... 0 −b2
...

...
. . .

. . .
0 0 ... 1 −bn−1

⇒ pB(t) = (−1)n(tn + bn−1t
n−1 + . . .+ b1t+ b0)

Proof n = 2 : B =
(

0 −b
1 −b1

)
⇒ pB(t) =

∣∣−t −b0
1 −b1−t

∣∣ = t2 + b1t+ b0

so statement is true forn = 2

assume true forn− 1 ⇒ pA(t) = (−1)n−1(tn−1 + bn−2t
n−2 + . . .+ b1t+ b0)

now forn det(B − tI) =

∣∣∣∣∣∣∣
−t 0 ... 0 −b0
1 −t ... 0 −b1
0 1 ... 0 −b2
...

...
. . .

. . .
0 0 ... 1 −bn−1−t

∣∣∣∣∣∣∣ = −t · pA + (−1)nb0

when you work this out you get indeed that

pB(t) = (−1)n(tn + bn−1t
n−1 + . . .+ b1t+ b0)
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Proof of cayley hamilton:

To proveAn + pn−1A
n−1 + . . .+ p1A+ p0I = On×n

A take arbitrarily 1 ≤ k ≤ n s.t.ui is the k th column ofAi

So thenun + pn−1un−1 + . . .+ p1u1 + p0u0 = 0

assumeu0, . . . , un−1 lin. independent,soun + bn−1un−1 + . . .+ b1u1 + b0u0 = 0

now we want to prove that bi = pi for i = 0, . . . , n− 1

note thatu0 = ek, u1 = Au0, . . . , un = Aun−1

B MatrixB of lin. mapAw.r.t. basis {u0, . . . , un−1}
has characteristic polynomial pB(t) = (−1)n(tn + bn−1t

n−1 + . . .+ b1t+ b0)

Proof of B


Au0 = u1 = 0 · u1 + 1 · u1 + . . .+ 0 · un−1

...

Aun−2 = 0 · u0 + . . .+ 1 · un−1

Aun−1 = −b0u0 − b1u1 + . . .− bn−1un−1

⇒ matrix similair to Lemma 2

By Lemma 2PB(t) = (−1)n(tn + bn−1t
n−1 + . . .+ b1t+ b0)

C A&B similair soPA(t) = PB(t) So therefore bi = pi for i = 0, . . . , n− 1

soun + pn−1un−1 + p1u1 + p0u0 = 0 so under assumpution that

u0, . . . , un−1 lin. independent and k arbitary,we proved the CH

Proof General case:

A Defineu for arbitrarily k as followsui := k th column ofAi for i = 0, . . . , n

letm < n s.t.u0, . . . , um−1 lin. independent,butu0, . . . , um not

so there exists c0, . . . , cm−1 s.t.um + cm−1um−1 + . . .+ c0u0 = 0

Define q(t) = tm + cm−1t
m−1 + . . .+ c1t+ c0

B Claim pA(t) divisible by q(t) so for polynomial r(t)⇒ p(t) = q(t)r(t)

Proof of B extend {u0, . . . , um−1} to arbitrarily basis {u0, . . . , um−1, vm, . . . , vn−1} ofC

Au0 = u1 = 0 · u0 + 1 · u1 + . . .

Au1 = u2 = 0 · u0 + 0 · u1 + 1u2 + . . .

...

Aum−1 = um = −c0u0 − c1u1 + . . .− cm−1um−1

Avm = . . .

...

Avn−1 = . . .

⇒

PB(t) = det(B − tI) = q(t) det(B22 − tI) sincePB(t) = pA(t)⇒ pA(T ) = pB(t) = q(t)r(t)

c for any 1 ≤ k ≤ n⇒ pA(A)ek = r(A)q(A)ek

= r(A)(Am + . . .+ c1A+ c0I)ek = r(A)(um + cm−1um−1 + . . .+ c1u1 + c0u0) = r(A)0 = 0

pA(A) = 0
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Lecture 12:

Beginning of the simple form:

Theorem 1
A ∈ Cn×n andT ∈ Cn×n invertible then:

T−1AT = J J =

(
J1

. . .
Jm

)
where Ji = λI +N =


λ 1 0

. . .
. . .
. . . 1

0 λ


We call here J Jordan normal form and Ji Jordan block
To go further we have some tools:

Tools:

Kernel/null space ker(A) := {x ∈ V : Ax = 0}
Range range (A) := {Ax : x ∈ V }
dim ker(A) + dim range(A) = n

x eigenvector ofA corresponding to eigenvalueA ifAx = λx

Eigenspace associated withλ : ker(A− λI)

Geometric multiplicity ofλ : dim ker(A− λI)

λ eigenvlaue iff root of characteristic polynomial: pz = det(A− zI)

p(z) = (−1)n(z − λ1)a1(z − λ2)a2 . . . (z − λk)ak

whereλ1, . . . , λk distinct eigenvaluesA and aj Algebraic multiplicity.

corresponding geometric multiplicity gj

Decomposition invariant subspaces:

V1, . . . , Vk ⊂ V . V Direct sum ofV1, . . . , Vk if each x ∈ V can be written unique:

x = x1 + . . .+ xk where xj ∈ Vj j = 1, . . . , k

x = x1 + . . .+ xk with xi ∈ Vi
⇒xi = xi for i = 1, . . . , k

notationV = V1

⊕
V2

⊕
· · ·
⊕

Vk

W ⊂ V invariant underA : x ∈W ⇒ Ax ∈W
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Proof special case:

situation ai = gi i = 1, . . . , k λ1, . . . , λk distinct eigenvalues

To prove:Ahasn lin. indep. eigenvectors

Adiagonalizable

Ji ∈ C1×1, these blocks areλi, (ai times) where i ∈ {1, k}

A Construct basisCn s.t. J matrix ofAw.r.t. that basis

by assumtion: dimN (A− λiI) = gi = ai

Choose basis {ui1, . . . , uiai} ofN(A− λiI)

a1 + . . .+ ak = n⇒ n vectors inCn

B claim these vectors linearly independent, basis ofCn

Subproof: N (A− λjI) 3 vi = αi1u
i
1 + αi2u

i
2 + . . .+ αiaiu

i
ai

k∑
i=1

vi = 0⇔ v1 + v2 + . . .+ vk = 0

I will show that vi = 0 (i = 1, . . . , k).assume not

v1, v2, . . . , vr 6= 0 & vr+1, . . . , vk = 0

Note: i = 1, . . . , r, the vector vi eigenvector with eigenvectorλi

sinceλ1, . . . , λr distinct, the corresponding vectors are linearly independent

however v1 + . . .+ vr = 0 this is impossible, so contradiction

C the vectors uij i = 1, . . . , k&j = 1, . . . , ai basisCn

Cn = N (A− λ1I)
⊕

. . .
⊕
N (A− λkI)

Note: eachN (A− λiI) invariant

Subproof x ∈ N (A− λiI)⇒ Ax = λix⇒ AAx = λiAx⇒ (A− λiI)Ax = 0⇒ Ax ∈ N (A− λiI)

D Diagonal matrix J ofAw.r.t {uij |i = 1, . . . , k&j = 1, . . . , ai}

when we write this out for i = 1&j = 1, . . . , aj we get


λ1 0 0 ... 0
0 λ1 0 ... 0

...
...

0 0 ... 0 λi
...

...
...

...
...


total number of rows with a1 is equal to a1

when we continue this, we find indeed the Jordan canonical form we had to obtain

Equivalent statements: for i = 1, . . . , k

1) ai = gi 2) dim(A− λiI) = ai 3)Jordan blocks like above 4)Jordan form is diagonal 5)Adiagonalizable
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Lecture 13:

situationCn = N (A− λ1I)m1

⊕
N (A− λ2I)m2

⊕
· · ·
⊕
N (A− λkI)mk mi ∈ Z+

N (A− λiI)mi

Strategy : Choose for eachVi a basis {ui1, . . . ,uiai} ⇒ all together basisCn

sinceAVi ⊂ Vi ⇒ B ofAw.r.t. basis is blockdiagonalB =

(
A1

. . .
Ak

)
find correct bases for the matricesAi

A ∈ Cn×n with characteristic polynomial pA(z) where deg(pA(z)) = n
Definition:
q(z) polynomial. q(z) annihilatesA if q(A) = 0
Example: By CH-Theorem p(z) annihilatesA.

Theorem:
A ∈ Cn×n ⇒ ∃ one monic polynomial pmin(z) of minimal degree tha annihilatesA.
Proof:

A SA := {set of polynomials annihilateA}, take polynomial smallest degree: pmin(z)

p̃min(z) ∈ SA ⇒ deg(pmin(z)) = deg(p̃min(z))⇒ pmin(z) = p̃min(z)

Lemma p(z) any polynomial annihilatesA⇒ ∃q(z) (polynomial) s.t. p(z) = pmin(z)q(z)

Proof Lemma Division algorithm: p(z) = q(z)pmin(z) + r(z)

option 1 r(z) 6= 0 and deg(r(z)) < deg(pmin(z))

r(A) = p(A)− q(A)pmin(A) = 0− q(A)0 = 0⇒ r(z) annihilatesA

and deg(r(A)) < deg(pmin(z))⇒ contradiction

option 2 r(z) = 0⇒ p(z) = q(z)pmin(z)

Continue withA pmin(z) monic polynomial min. degree annihilatesA.

p̃min(z) second monic polynomial min. degree annihilatesA.

p̃min(z) = q(z)pmin(z) because deg(pmin(z)) = deg(p̃min(z))⇒ q(z) = q0 ∈ R
p̃min(z)&pmin(z) monic so q0 = 1⇒ pmin(z) = p̃min(z)⇒ pmin(z) unique

Theorem:
A ∈ Cn×n every eigenvalue ofA root of pmin(z) converse also true.
Proof:

A pA(z) annihilatesA⇒ pA(z) = q(z)pmin(z) for some q(z)

pmin(λ) = 0⇒ pA(λ) = 0⇒ λ eigenvalueAwith corresponding x s.t.Ax = λx

claim for any p(z)⇒ p(A)x = p(λ)x

Proof p(z) = pkz
k + . . .+ p1z + p0 ⇒ p(A) = pkA

k + pk−1A
k−1 + . . .+ p1A+ p0I

back toA pmin(z)⇒ pmin(A)x = pmin(λ)x since pmin(A) = 0&x 6= 0⇒ pmin(λ) = 0

⇒ roots of pmin(z)⇒ pmin(z) = (z − λ1)m1 . . . (z − λk)mk
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Theorem:
a ∈ Cn×n andλi for i = 1, . . . , k distinct eigenvalues,mi for i = 1, . . . , k integers like above. ThenVi =
N ((A− λiI)mi) satisifies:

1)Vi isA -invariant 2)Cn = V1

⊕
· · ·
⊕

Vk

For the proof we need the following
Lemma 2:
A ∈ Cn×n let p(z) polynomial s.t. p(A) = 0. If p(z) = p1(z)p2(z) where those two polynomials have
no common root(so Coprime),then:

N (p1(A)) and N (p2(A)) areA invariant

Cn = N (p1(A))
⊕
N (p2(A))

Proof:

A p1(z)q1(z) + p2(z)q2(z) = 1⇒ Bézout identity⇒ p1(A)q1(A) + p2(A)q2(A) = I

x ∈ Cn ⇒ x = p1(A)q1(A)x + p2(A)q2(A)x = x2 + x1

Claim x2 ∈ N (p2(A))

Proof p2(A)x = p2(A)p1(A)q1(A)x = p(A)q1(A)x = q1(A)x = 0

likewise x1 ∈ N (p1(A))

back toA so x = x1 + x2 ⇒ Cn = N (p1(A)) +N (p2(A))

proof of the direct sum suppose x = x′1 + x′2 with x′i ∈ N (pi(A))

x1 + x2 = x′1 + x′2 ⇔ x1 − x′1 = x′2 − x2

call this vector u : u = (q1(A)p1(A) + q2(A)p2(A))u = 0

since p1(A)&u = 0&p2(A)u = 0⇒ u = 0⇒ x1 = x′1&x2 = x′2

unique decompositionCn = N (p1(A))
⊕
N (p2(A))

statement 2 of the Lemma is proven

now statement 2

x ∈ N (p1(A))⇒ p1(A)x = 0⇒ Ap1(A)x = 0⇒ Ap1(A) = p1(A)A

⇒ p1(A)Ax = 0⇒ Ax ∈ N (p1(A))

simlair forN (p2(A))

Proof of the Theorem:

pmin(z) = (z − λ1)m1 . . . (z − λk)mk ⇒ (z − λi)mi coprime sinceλ1, . . . , λk distinct

by LemmaCn = V1

⊕
· · ·
⊕

Vk withVi = N ((A− λiI)mi) quad(i = 1, . . . , k)

eachVi isA -invariant
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Lecture 14:

So we haveA|Vi : Vi → Vi whereVi = N((A− λiI)mi)

Lemmas:

Lemma 1 of this lecture:
A|Vi 1 eigenvalueλi
Proof:

A ∃x ∈ Vi x 6= 0 s.t.A|Vix = λx⇒ Ax = λx⇒ (A− λiI)miX = 0

B Claim (A− λiI)mix = (λ− λi)mix

proofB (A− λiI)x = Ax− λix = (λ− λi)x
by induction you can show that−−−−−−−−−−−−−−−−−−−−→ (A− λiI)mix = (λ− λi)mix

back toA (λ− λi)mix = 0&x 6= 0⇒ λ = λi

Lemma 2 of this lecture:
dim(Vi) = ai algebraic multiplicity ofλi
Proof:

Cn = V1

⊕
· · ·
⊕

Vn ⇒ A =

(
A1

. . .
Ak

)

⇒ pA(z) = det(A− zI) =

∣∣∣∣∣
A1−zI

. . .
Ak−zI

∣∣∣∣∣ = det(A1 − zI) . . . det(Ak − zI)

Lemma 1−−−−−−→ Ai has 1 eigenvalue, for now dim(Vi) = ni Still unknown

det(Ai − zI) = (−1)ni(z − λi)ni son1 + . . .+ nk = n

pA(z) = (−1)n(z − λ1)n1 . . . (z − λk)nk ⇒ ni = ai for i = 1, . . . , k

Lemma 4 of this lecture:
Geometric multiplicity of eigenvalue ofA|vi denoted byλi is equal to gi
Proof:

A Geometric multiplicty = dim (N (A|Vi − λiI) ⊂ Vi
B Claim:N(A|Vi − λiI) = N(A− λiI) ∩ Vi

Proof⇒ x ∈ N (A|Vi − λiI)⇒ x ∈ Vi&A|Vix = λix⇒ Ax = λix⇒ x ∈ N (A− λiI) ∩ Vi
Proof⇐ x ∈ N (A− λiI) ∩ Vi ⇒ A|Vix = Ax = λix⇒ x ∈ N (A|Vi − λiI)

continue withA dim(N(A− λiI) ∩ Vi) : note thatN (A− λiI) ⊂ N ((A− λiI)mi) = Vi

dim(N (A− λiI) ∩ Vi) = dimN (A− λiI) = gi
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Lemma 3 of this lecture:
Linear map:A|Vi so the ai × ai matrixAi has minimal polynomial (z − λi)mi
Proof:

A =

A1 0 ... 0
0 A2 ... 0

...
...

0 ... 0 Ak


definition minimal polynomial ofA : pmin(z) = (z − λ1)m1 . . . (z − λk)mk

for i = 1, . . . , k :

A1−λiI
A2−λiI

. . .
Ak−λiI

mi

=

 (A1−λiI)mi
(A2−λiI)mi

. . .
(Ak−λiI)mi


pmin(Ai) = 0⇔ (Ai − λiI)m1 . . . (Ai − λkI)mk = 0⇒ 1

by Lemma 1 one eigenvalueλi.when j 6= i the matricesAi − λjI nonsingular ⇒ (Ai − λjI)mj nonsingular

since 1 we obtain (Ai − λiI)mi = 0⇒ (z − λi)mi annihilatesAi

good candidate minimal polynomialAi but assume that (z − λi)li annihilatesAi with li < mi

⇒ (Ai − λiI)li = 0⇒ define q(z) = (z − λ1)m1 . . . (z − λi)li . . . (z − λk)mk

q(A) = 0,but deg(q(z)) < deg(pmin(z))⇒ contradiction,so (z − λi)mi minimal polynomial

Single linear map:A : V × V with

1) dim(V ) = A 2) eigenvalue(A) = λ 3) pmin(z) = (z − λ)m 4) geometric multiplicityλ = g

For mapAwe want to construct basisV s.t.A in Jordan form.
Special case:
Characteristic polynomial is minimal polynomial. We use notation

notation N : A− λI Nm = 0 Nm−1 6= 0

properties ∃u ∈ V,u 6= 0 s.t.Nm−1u 6= 0 Nmu = 0

A Claim {Nm−1, . . . , Nu,u} basisV

ProofA see lecture notes

B Fact:Aw.r.t. basis above ofV is equal to them×mmatrix

 λ 1 0 ... 0
0 λ 1 0 ... 0
...

. . .
. . .

0 0 0 ... 0 1
0 0 0 ... 0 λ


ProofB see lecture notes
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Normal case:
Jordan chain set of nonzero vectors {N l−1u, . . . , Nu,u} s.t.N lu = 0
Length of Jordan chain: l ∈ Z+ single vector u 6= 0 if l = 1

Fact:

m ≤ n⇒ V basis consting finitely many Jordain chains, so basis consisting of nonzero vectors

soN liui = 0 ∀i ∈ {1, . . . , k}
Nuk+j = 0 ∀j ∈ {1, . . . , d}
Obviously l1 + . . .+ lk+d = a

Proof: skipped.
Consequence:



AN li−1ui = λN li−1ui

AN li−2ui = N li−1ui + λN li−2ui

...

ANui = 1N2ui + λNui

Aui = 1Nui + λui

for i = 1, . . . , k


Auk+1 = λuk+1

...

Auk+d = λuk+d

⇒ See ∗



J ∈ Ra×a with a = dim(V ), k + d Jordan blocks, d of them 1× 1.

k + d lin. independentnli−1ui for i = 1, . . . , k&uk+1, . . . ,uk+d

⇒ g = k + d

pmin(A) = (z − λ)m and l1 + . . .+ lk = m⇒ deg(m) = size largest Jordan Block

Jordan block not unique, order can be changed

∗
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