Linear Algebra 2, University of Groningen

H.M. Goossens

Lecture 1

5.4 Inner product space:

Definition 5.4.1:
INNER PRODUCT SPACE: Let x,y € V then:

(x,x) >0 iffx#0
(x,y)=(y,x) Vx,yeV
(ax + fBy.z) = a(x,z) + By, z) Vx,y,2€V a,B€R

STANDARD INNER PRODUCT:

<X> Y> = XT7 y
(x,y) = Z TiYiW;
i=1
where w has positive entries, and w; called WEIGHTS.
VECTOR SPACER™*"™ For A, B € R™*" (A,B)= Zzaijbu
VECTOR SPACE Cla,b] For f,g € Cla,b] (f.g9)= /f(z)g(:v)dz

VECTOR SPACE P, x1,...,x,distinct real numbers (p,q) = Zp(zi)q(a)i)

Norm, Phytagorean law:

NoORM: length of a vectorv € V given by

VIl = /v, )
u,v € R” ORTHOGONAL if (u,v) =0
FROBENIUS NORM: for A € R™*" ||A||; = /((4, 4))
Theorem 5.4.1. PYTHAGOREAN LAw
u, v orthogonal then
2 2 2
la+v[" = [uf” +[Iv]

(5.4.1)
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Projection:

Definition 5.4.2:
u,v € Vandv # 0then:

(u,v)
SCALER PROJECTION OFuontov o« =
v 5.7
< 1 > (u,v) o
VECTOR PROJECTION OFuontov p=a|—v|=-—=V
v (v, v)
Observations:
v # 0and p projection uonto v then:
1)u — pand porthogonal. 2)u = piff uscaler multiple v
PROOFS: in book.
Cauchy-Schwarz inequality:
Theorem 5.2: CAUCHY SCHWARTZ INEQUALITY:
u,v € Vthen
[(u, v)| < [[uf[[v] (5.4.8)
iff u, v linearly dependent.
PROOF:
Dv=0=[(u,v)]=0=[ulv]
2 2 2 2 2 2
2)&v #0=plu—p=|[p|" +[u-p|" =[u]” = |pl" = [lul]” - [lu-Dp|
20112 21112 21112
((w,v)? = [ull*v]® = [[a = pIF[Iv]" < [ul*|v]] (5.4.9)

We see that (5.4.9) holds iff u = p so if v = 0 or umultiple of v, so when u and v linearly independent.
consequence:
u # 0and v # 0so then

(u,v)

<1 = Juniquef € [0, 7]s.t. cos(d) =

(5.4.10)

= vl

Normed linear space:

Definition 5.4.3:
V NORMED LINEAR SPACEifv € V there is a associatedNORM ||v|| € Rsatisfying

Dv|| >0 equility iffv=0
2)||av]| = |a|||v]] for anya € R
Iv+wl < vl +[w] Vv,weV

Number 3 is called TRIANGLE INEQUALITY

Theorem 5.4.3
V inner product space then the following equation defines a norm on V'

[v]| = /({v,v) forallveV

Definition 4:
x,y vectors. Then distance between xand y defined by |y — x||
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Lecture 2

Orthogonal and orthonormal:

PARALLELOGRAM ON V 1FF: 2||ul|® + 2||v|* = [[u+ v|*> + |ju — v||*, Vu&v € V
{vi,...,vp 1

ORTHOGONAL SET: iff (v;,v;) = 0 for alli # j

Definition 5.5.1

textscOrthonormal set: orthogonal set with extra condition: ||v;|| = 1for alli
1ifi = j

0ifi # j

ORTHONORMAL SET OF VECTORS: orthogonal set of unit vectors.

Notation: Kronecker delta symbol: §;; = {

theorem 5.5.1:

{v1,..., v, }orthogonal set, thenvy,..., v, linearly independent.

Proor:

vy + ...+ ¢,v, = 0impliescy,...,¢, =0 Takej € {1,...,n} then we have:
0= (c1vi+...+¢nvp,v5) = c1(V1,Vj) + ...+ cn(Vn, Vj)

All zero ,because orthogonal except (v;v;)

So we know that 0 = ¢;(v;,v;)soc; = 0so lin. independent.

B ORTHONORMAL BASIS S'if B = {uy,uy,...,ux}and S = Span(uy, us, ..., ux)

Theorem 5.5.2:
n
{uy,ug,...,u,} orhtonormal basis V. If v = Z ciu; = ¢ = (v, ;)
i=1

n n n
PROOF(V7 ui> = <Z cjuj, uj> = ch(uj’ ui> = ZCj(Sji =C;
j=1 j=1 j=1

Corollary 5.5.3:
Let {uy, ..., u,} orthonormal basis V then:

n n n
u:Zaiui & VZZbiui—Mu,v):Zaibi
i=1 i=1 i=1

PROOF:
By theorem 5.5.2 (v,u;) =b; i=1,...,nso therefore

n

(u,v) = <zn:aiui,v> = iai<ui,v> = Zai(v,ul) = iaibi
i=1 i=1 i=1

i=1

Corollary 5.5.4: FORMULA OF PARSEVAL

{ui,...,u,}orthonormal basis V& v = Zciui eV=|v|P=(v,v) = Zcf

i=1 i=1

Definition 5.5.2: Q € R"*"™ ORTHOGONAL MATRIX if column vectors @ form orthonormal set in R™
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Theorem 5.5.5:
Q € R™ " orthogonal iff QTQ = I
PRroor:
Column vectors: q7 q; = §;;. Because ql q; is (i, j) entry of QT Q = Q orthogonal < QTQ =1
Properties orthogonal matrices:
Q € R"™™then

a) column vectors @ orthonormal basis R™
HRTQ=1

Q=@

) (Qx,Qy) = (x,¥)

) [1@x[ly = [Ixll

PERMUATION MATRIX: P by reodering the columns of I in the order (k1, ..., ky,) then P = (eg,, ..., ek, ).
If A € R™*" then

AP = (Ae;ﬁ,...,Aek") = (akl,...,akn)

LEAST SQUARE SOLUTION:
A e R™™andb e R™.

Definition 1 find % € R"s.t. || A% — b is minimal
Definition 2 minimizer : R" s [0, co] wherer := ||Ax — b|?
Definition 3 find orthogonal projection p of b onto subspace R(A)

NORMAL EQUATION: ATb — ATAx =0
Derive normal equations: Vx

b - AXIR(A) & (Ax)T(b - A%) =0 xT(ATb - ATA%) =0 ATb — AT A% =0

Theorem 5.5.6:
If column vectors A orthonormal set then AT A = I and solution least squares problem is

x=A'b
PROOF:
Column vectors A orthonormal = AT A = I'so then
ATb —ATAx =02 ATb-T-%x=02%=A"b
Theorem 5.5.7:
Ssubspace Vandx € V. Let {uy,...,u,} orthonormal basis S.If

p= Z ci; (5.5.3)
i=1
where
¢ = (x,u;) Vi (5.5.4)

thenp — x € S+
Proor:
By using the definitions (see book)
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Lecture 3

Theorem 5.5.8:
Let p be the element in S closest tox. So

[y =x|[ > [lp = x| foranyy #p e S

Proor:
y € Sandy # pthen
2 2
ly =" =y —p) + (p — x|
sincey — p € Sand Theorem 5.5.7+ Pythagorean Law

2 2 2
ly =xII" = lly = pll+llp = x[" > |[p — x|

Corollary 5.5.9:

S nonzero subspace R™ andb € R™. If{uy,...,u;} orthonormal basis SandU = (uy,...

projection of b onto S given by
p=UUT®

Proor:
By theorem 5.5.7:

T
upb

c1 ulb
pclu1+...+ckukUcwherec[:] : =U"p
Ccr
Gram-Schmidt Proces:

Theorem 5.6.1:

{x1,...,%Xp} basis V'

1
defineu; = (||x1|> X1

1
define recursively ug, ..., u, : ugy; = ﬁ
Xk+1 — Pk

wherepy, = (Xp41, ur)ur + ... + (Xpy1, Up)ug

Then {uy,...,u,}orthonormal basis V'
ProOF:
By induction.

(Xk41 —pr) fork=1,...,n—1

,uy) then
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Lecture 4

Applications of GS-proces:

Theorem 5.6.2:

A € R™*" of rank n then A can be factored in A = Q R where (Q € R™*"™ orthogonal and R € R™*™ uper
triangle with positive diagonal entries.

Note: R nonsingular since det(R) > 0

PRrROOF:

By Gram-Schmidt Proces and induction.

Theorem 5.6.3:

If A € R™*™ and of rank n then least square solution byx = R~1Q7b.
We may obtain % by backsubstubtitution to solve Rx = Qb

PROOF:

Ax=b e ATAx = ATb & (QR)TQRx = (QR)™®
RT(QTQ)Rx=R"Q"b & R"Rx =RTQ"& = Rx=Q"bex=R"'Q"b=x
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Lecture 5

Definition 6.1.1:

A e R""and A € Ris EIGENVALUE/CHARACTERISTIC VALUE if exists x € R™s.t. Ax = Ax. Thenxis
called EIGENVECTOR/CHARACTERISTIC VECTOR belonging to \.

Equivalent:

AeR"™and A € Randx € R"”

1) Aeigenvalue A

2) (A — AI)x = 0has nontrivial solution
3) N(A-AI) £ {0}

4) A — M singular

5) det(A—A)=0

Some facts:

1) A € Ceigenvalue < X € Ceigenvalue
REASON: Ax = Ax & Ax = Ax & AX = A\X
2) det(A) =p(0) = A1 - dg -+ Ay

REASON see equation 6.1.4 till 6.1.6

() =S A=
i=1 =1

REASON Point 2

B € R™ " isSIMILAR to A € R™*™if there exists nonsingular Ss.t. B = S~1AS

Theorem 6.1.1:

A, B € R™*". Bsimilar to Aif they have the same characteristic polynomial and therefore the same
eigenvalues.

PRrROOF:

pe(\) = det(B — AI) = det(STPAS — AI) = det(S™H(A — A)S) = det(S™1) det(A — XI) det(S) = pa(N)

Theorem 6.3.1:

A1, ..., Ag distinct eigenvalues of A € R™*™ then corresponding eigenvectorsxy, ..., Xy are linearly
independent.

PROOF: See book.

Definition 6.3.1:

A € R"X" DIAGONALIZABLE if Inonsingular X € R™"*"&diagonal D € R"*"s.t. .2 ' AX = D

Then X diagonalizes A

Theorem 6.3.2:

A € R™*" diagonalizable & A hasn lin. independent eigenvectors.

PROOF: See book, there are also remarks there.
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Lecture 6

Complex plane:

FIELD: a set K satisfies axioms.
Today K = Cso:

zZ1 w1 n
z:( :> W=< : ) withzi,wiECsothenZEiwi:ZTWeC
Zn Wn =1

whenz=a+bi=zZ=a—b

z' = z* =z called Hermitian transpose

2]l = vz"'z
Definition 6.4.1:
V inner product spacew,z € V' then (z, w):

1)(z,z) > 0 equility iffz =0
2)(z,w) = (w,z) Vz,weV
3){az + fw,u) = a(z,u) + f{w,u)

We also see that (z, w) = wlz

Hermitian matrix:

M = (m;;) € C™* " withm;; = a;; + b;; so then we have that M = A+iB = M = A —iB.

For matrices we have the following rules:

D(AMDHE = A4 2)(aA+ BB)H =aAf + BB 3)(AC)H = CcH A"
Definition 6.4.2:
Matrix M is HERMITIAN if M = MH

Theorem 6.4.1:

The eigenvalues of Hermitian matrix are real. Furthermore, eigenvectors belonging to distinct eigen-

values are orthogonal.
PROOF: See book.

Unitary matrices and diagonalizibility:

Definition 6.4.3:

n X nmatrix U is UNITARY if column vectors form orthonormal set in C™.
Theorem (numberless):

U is unitary < UHU = I, © Uis nonsingular andU ! = UH
Corollary 6.4.2:

Eigenvalues Hermitian A distinct = Junitary U that diagonalizes A
PROOF: See book.

Theorem 6.4.3:SCUR’S THEOREM
For eachn x nmatrix A there exists unitary U s.t. U AU is upper triangular.
PROOF: Really long, by induction, see book.
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Lecture 7

Theorem 6.4.4:

If AHermitian then there exists unitary U that diagonalizes A.
PROOF:

By theorem 6.4.3. exists Us.t. U AU = T. Furthermore:

T = (U A =U"ARU =UPAU =T
SoT'is Hermitian and therefore diagonal.

Definition 6.4.4:
subspace S C R™isINVARIANT under Aifx € S = Ax € Sfor eachx

Lemma 6.4.5:

A € R"™"with A\; = a + bi, witha,b € Randb # 0.

Letz = x + iy withx,y € R"belonging toA;. IfS = span(x,y)thendim S = 2and S'is invariant
under A.

PRrROOF:

Az = Mz,

Az, = Ax + iAy

Mz1 = (a4 bi)(x +iy) = (ax — by) + i(bx + ay)

= Ax=ax—by Ay =0bx+ay

w=c1X+cy€ES

Aw = ¢1(ax — by) + ca(bx + ay) = (c1a + c2b)x + (c2a — c1b)y
= Aw e S

Theorem 6.4.6: Real schur decomposition:
Let A € R, Exists orthogonal Q@ € R™*™ and ”quasi upper triangle T € R"*"s.t A = QT Q"

Bi oo oo

0 By ... ...

0 .. 0 By
B;’s are2 x 2or1 x 1 and determined as follows:
Compute all eigenvalues Ay, ..., A\, of A
Suppose Ay, ..., A.not real and A\.4q, ..., A, real.
A1,..., A appear in complex conjugate pairs, say:

)\1;A17A27)\72a"'a)‘%aA%
Suppose A; = a; + ib; and \; = a; — ib; This gives 5,2 x 2 matrices B; = ( @ b )

—bj a;
The remaining real A, 41,..., A, given — 7,1 X 1 matrices namely B; = A;

PROOF: skipped.
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Corollarly 6.4.7:SPECTRAL THEOREM FOR REAL SYMMETRIC MATRICES
Areal symmetric, then 3 orthogonal ) diagonalizes A:
QT AQ = D where D diagonal.

Ais SKEW HERMITIAN: if A = — A

Definition 6.4.5:
AiSNORMALIf AAH = AH A,
How to derive this?

A" =upHUH" = A=UDUH
AA® —upUuHUuDHUH = UuDDHUH
AP A =vuDHUu"UupDU¥ = UuDp" DUH
[A1]?
. I % A2 |? H "
since D™ D = DD" = . = AA" = A" A
Al

A matrix has a complete orthonormal set of eigenvectors iff it is normal.

Theorem 6.4.8:

Ais normal iff A possesses a complete orthonormal set of eigenvectors:
PROOF: See book.
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Lecture 8

Theorem 6.5.1if Aism x nthen Ahas SVD

Proof:

Long proof, intermediate facts and their proofs.

Step 1: Finding singular values

PROOF:

Ai € Rfori=1,...,nfact\; >0
PROOF AT Ax; = \ix; = xFL AT Ax; = M|lxi||” = || Axq || = A%
=X 2>0
Relabel eigenvalues:A; > ... > A,.factrank(A) =r= A\ y1=...=0
PROOF V nonsingular and orthogonal = ATA = VDV’ = VDVT = D = rank (AT A) = rank (D)
also rank(AAT) =n — dim N'(AT A) = n — dim N (A) = rank(A)
= rank(AT A) — rank(D) = Rank(A) = r

>M>...20>0 Mj1=...=X,=0
01>...20.>0&0,41=...=0,=0
Proof ai:\/)\i fori=1,...,n

012...20,>0 0opy1=...=0,=0

Step 2: Finding orthogonal V

o1
o2

LetVi = (vi,...,v) Vo= (Veg1,...,Vy) X1 = . b

AVy =0

PROOF VE & ATA(vive)=(viva) (8 9) & (ATAVI[ATAV, ) = (Vi1 ]0)
ATAV, =0= VAV, = 0.Letx € R™™"
= xTVLATVax = 0 & (AVax)T (AVax) = 0 & ||AVax|® = 0
x arbitrary = AV, =0

AViVIA= A

Proor VVT =1 = (v w)(ﬁ) —T= WV + VBVl =1

[
oy
Q0

=S AV = AT -V =A= AV =A
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Step 3: Finding an orthogonal U

2:(018) U=(U1Uz) whereU; =m xr&Us=m x (m —1)

1
Uy = (w - um ) withu; = — Av;
o

{ui,...,u,} orthonormal set in R™
. 1 1 1 oo
PROOF u;u;=( —Av;|] —Av;=—5v; A" Av,.
g; g; a;
let ATAV,L' =Av; = U?Vi = uiTui =1
T 2
1 1 1 log
1#j= uiTuj = (Avi) —Av; = V;‘FAtAVj = VZ»TVj =
g; gj 0i0; 003

Step final: Final conclusion:

We have:

o1
U12 = (ﬁAvl %W_AV'I') ( ) = (Avl Avy ... Avr) = AVl

Take Uy s.t. (U |Us) orthogonal by Gramm schmidt.
When we calculate UX V7T we find:

(00 02) (35 9) (V) = sV = ANV = 4

Observations about SVD:
In this little part I will use ONB for Orthonormal Basis.

1) o1,...,0,0f Aunique U, Vnot
V diagonalizes AT A = vjeigenvectors AT A

)
)
3) AAT =ULXTUT = U Diagonalizes AA™ and u; eigenvectors AA”
)
)
)

[\

da) AV =UX = Av; =ojujforj=1,...,n

4b) ATU =vy' = ATu; = ojvjforj=1,...,n.ATu; =0forj =n+1,...,m

5) rank(A) =7 =a)vy,...,v, ONBR(AT) & b)v,i1,...,v, ONBN(A)
c)up,...,u, ONBR(A) & d)u,41,...,u, ONBN(AT)

7) rank(A) =r <nwesetU; = (uy,...,u,) Vi =(vy,...,v,)and

A=U; 2,V called COMPACT FORM OF THE SVD OF A

PROOFS: in the book.

(6.5.6)
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Application:

rank (A) = nwhere A € R"*" so A injective.
Claim: There exists AT s.t. ATA = I«
PROOF:

oy ... 0

A=UsVT withs = 8 a;n

define, AT =V (571 0)UT = ATA=V (57 0)UTU (3 )V =VVT =140

LEFT INVERSE OF Ais AT. Is not unique: A” := V (u7" r) UT where R € R"*(™~") is arbitrary but
besides that also satisfies ATA =T

Note:

All above was forn < mso tall and square case
What about the fat case so A € R™*" wherem < n
Solution: SVD of AT € R»xm

_ o1
AT:ﬁ<2018)VT where ¥, = ( .
00 -

whereg; > ... > 57, > 0andr = rank(AT)
= A=V (%99)T

DefineU :=V,V:=U=0;,=7

Consequence: do not distinguish them. One theorem:

Theorem:
A € R™"and rank (A) = r < min(n,m). Existso; > ... > o, > 0Oand orthogonalU €
R™™MandV € R™"s.t. A =U (% 8) vT

Note:

rank(A) = nso injective then the O-matrices right side absent.
If rank(A) = mso surjective then the O-matrices on bottom absent.
If Asquare and nonsingular, then all O-matrices absent.
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Lecture 9:

Applications:

Let A € R™*™ andrank(A) = r pick integer kwith0 < k < r
How far is Aaway from having rank at most k

all vead
S M matvice,

S with
\ T (SDsk

My R™"

Define:

m n
FROBENIUS NORM || M| := | > Y m2, = /tr(MT M)
i=1j=1

My, .= {S € R™*"|rank(S) < k}
Distance d(A, My,) = inf{||A — S| |S € My} where inf = min

So we want to find X € M)ks.t.||A — X||p = d(A, My)
Note: M, C R™*™ not a linear subspace so least squares not possible.

Some theorems:

Lemma 6.5.2
,and Aism x nand @ ism x morthogonal, then [|QA| - = || 4| ¢
PROOF:

n

1QAII} = l|Qar, ... Qanllz = Y Qaill; = D llaill; = | AlI%
i=1

i=1

because | A] » = HEVTHF it follows that

Al p = o2 +...+o2

Theorem 6.5.3:
A =UXVTism x nand My, denotes the set of rank r or less where0 < k < rank(A). If X € M, then

|A=X|lp=1/ogs1 +.. .+ 02

PROOF:

:1/0§+1+...+0,21

Ok+1
|AX||F||UEVTX||FH( )
on /) I F
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Special case of application:

Let A € R™ " nonsingular, how far from singular.
S € R™*"singular < rank(S) < n — 1.so distance of A being singular isd(A, M,,_1)
Let X € M,,_y and ||A — X||» = d(A4, M,,_1)

d(A,My) = /(03 + 0%+ +02)

After SVD of Aand define X :=U (201 8) VT where ¥y = ( >

We see that X € My and ||A — X || = d(4, My)so X is a best approximation in My, of A
Other way:

Distance to singularity:

Note that M, 1 C R™"*"is the set of all singular n x n matrix.

Accoarding theorem 6.5.3 we see that d(A, M,,—1) = |A — X ||, = /02 = 7y,

o1 g1
We have that A = USVT with ¥ = ( ) so then A’ = UY'VT withY! = <

best
On—1

T
approximation. If A = U;X; Vi we see that we can rewrite A = > 0,907 wherer = rank(A)

i=1
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Lecture 10:

Quadratic forms:

Definition 6.6.1:
QUADRATIC EQUATION two variables

az? + 2bzy + ey’ +dr+ey+ f =0
(z9)(¢2)(5)+(ae)(y)+f=0

And when we letx = (y)and A = (¢ %)
Quadratic form associated with quadratic equation: x” Ax = ax? + 2bzy + cy?

(6.6.1,2)

Theorem 6.6.1: PRINCIPAL AXES THEOREM:

A € R™ ™ symmetric then change of variablesu = Q7xs.t. x” Ax = u” Du where D diagonal.

PRrROOF:

Areal symmetric, so by Corollary 6.4.7 we know that exists orthogonal @ that diagonalize Aso QT AQ =
D. When we substitute u = Q7x then x = Quand by substitution it is correct.

Definition 6.6.2: CLASSICAL CALCULUS PROBLEM
Let F'(x) real-valued function on R™. A point xg € R™ ,STATIONARY POINT OF F'if all first partial
derivatives of F exists at xg and are zero.

Definition 6.6.4

Let A € R™ "™ be symmetric.

(1) APOSITIVE DEFINITEifxT Ax > 0thenx # 0 Notation: A > 0

(2) ANEGATIVE DEFINITE if x Ax < 0then x # 0 Notation: A < 0

(3) APOSITIVE SEMI-DEFINITEifx” Ax > 0thenVx € R™ Notation: A > 0
(4) ANEGATIVE SEMI-DEFINITE if xT Ax < 0thenVx € R™ Notation: A <0
5)A<0& —-A>0andA<0& -A>0

(6) AINDEFINITE if xT' Ax cantake positive as negative real values.

Theorem 6.6.2:
A € R " symmetric, A; € Rfori = 1,...,neigenvalues. Then we have that

a) A>0& ) >0

PROOF = x corresponding eigenvector x? A&z = Axx = )\||x||2

T
x' Ax
A= W because both greater then 0 = \ > 0
x
PROOF < {uy,...,u,} Orthonormal set eigenvectors A

n
x€R"” = x=rcjus +...+ cpuy, wherec; :xTui =xTAx = Zcf)\i

=1

becausec; ER = ¢? > 0and\; >0 =>x Ax > 0= A >0

e

b) A<0& )\ <0
)

Aindefinite < eigenvalues different sign

term 2A 2020-2021 Page 16



Linear Algebra 2, University of Groningen

H.M. Goossens

Hessian matrix:

General case:

For C? function R? — R and stationary point xg € R® HESSIAN MATRIX:

H(Xo) = (h”) Where hij = in,wj (Xo)

w

ptions:

H(xg) > 0 = xg local minimum
H(xg) < 0 = x¢local maximum
H (xg) indefinite = x saddle point.

1y
2)
3)

S~~~

LEADING PRINCIPAL SUBMATRIX OF ORDER R: the upperleft corner A, of size r x r in the main square

matrix.
Example:

123
A= (%ég)thenAl =land A = (}2)and A3 =A

Theorem 6.7(.1):

A € R™" symmetric then following properties:

Property 1 A>0< det(A) >0
PROOF det(A) = H A >0
i=1

Property 2 A > 0 < Anonsingular

PROOF by definition det(A) # 0 < Anonsingular

A € R™" then following 5 equivalent:

1) A>0

2) det(A,) >0forr=1,...,n

3) Acan be reduced to upper triangular by only row operation 3
4) Flower triangular L positive elements s.t. A = L™

5) Jnonsingular Bs.t. A= BT B

PROOF:

5=>1 A=B"Bandx#0=x"Ax=|Bx|*>0=A4>0

1=2 A>0takel <r<n= A= (4 *).letx= () wherex; #0

= xT Ax = xT A, x; = left part greater then 0, so right part so det(A4,) > 0

2 =3 See Book
3=4 See Book

4=5 A=LL"=B=L"=A=B"(B")" =B"B
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Lecture 11:

A e C""withp; € Cfori =1,...,nthen CHARACTERISTIC POLYNOMIAL:

) = det(A —tI) = (=1)"(t" + pp1t" "' + ...+ pit + po)
More general: pa(t) = ppt™ + pp_1t" " + ..+ pit+po
So then we have that: pa(A) = p,A™ + pp_1 A"~ o+ prA+pol

How we learned it:  pa(t

Cayley Hamilton theorem:p4(A) = O where O € R"*™is the zero-matrix.
Ezample: )

A= (§§)thenpa(t) = t*and pa(A) = (§5)° = (§§)

Proof linearly dependent:

Crltimesn hag dimension n?. Hencen? + 1 matrices I, A, 1%2, ceey A" lin. dependent.

SoJag, aq, ..., ap2 8.t 00l + 1A+ A? + . a2 A" =0

Accoarding the Cayley Hamilton theorem:
1) Already I, A, A%, ..., A" are linearly dependent.
2) Required coeeficients are in characteristic polynomial A:

pa(t) = (=1)"(t" 4+ ppat" "+ ...+ pit+po) = pol + prA+ .. +p1 AT+ AT =0
2 Lemma’s:
Let A, B € R**"

Lemma 1: Jnonsingular Ps.t. B = P~!AP, then A& B same characteristic polynomial
PrOOF B = P 'APso Bsimilar to A = pa(s) = pp(s)

00 ... 0 —bo
10 ... 0 —by

Lemma 2: B = 01 0 b = pB(t) = (_1)n(tn + bn_ltn_l + ...+ bit+ bo)
00 1 —b s

PrOOF n=2:B= ((1):bbl> = pB t) —’ 1 _glbot’ :t2+b1t+bo
so statement is true forn = 2

assume true forn — 1 = pa(t) = (=1)" 1" 4 by ot™ % 4 ... + bt + by)

-t 0 ... O —bo

1 —t .. 0 —b

01 .. 0 —bs n
now forn det(B —tI) = | " = —t-pa—+ (=1)"bg

0 0 .. 1 —bp_1—t

when you work this out you get indeed that

pe(t) = (—1)"(t" 4+ bp_1t" '+ .. 4 byt + Do)
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Proof of cayley hamilton:

To prove A" +pp, 1 A" 1+ ...+ p1 A+ pol = Opxn

take arbitrarily 1 < k < ns.t. u; is the k th column of A*
So thenu,, + pp_1Upn_1+ ...+ pruy + poug =0

assume uo, - - . , Up_1 lin. independent,sou,, + b, _1Up_1 + ... + b1us + bogug =0
now we want to prove thatb, = p;fori =0,...,n—1
note thatug = ex,u1 = Aug, ..., up = Atyp_1

Matrix B of lin. map Aw.r.t. basis {ug,...,un—1}
has characteristic polynomial pp(t) = (—1)"(t" + bp_1t" " + ... 4 byt + bg)
Aug=u1 =0 -u1+1-u1+...+0-up_1

PROOF OF E : = matrix similair to Lemma 2
Aup—2=0-up+ ...+ 1 -up—1

Aup_1 = —bouo —biur + ... —bp_1Un—1
By Lemma 2 P(t) = (—=1)"(t" + b _1t" " + ... 4+ byt + bg)
A& B similair so P4 (t) = Pg(t) So thereforeb;, = p;fori =0,...,n—1
SOUp + Pr—1Un—1 + P1u1 + poup = 0so under assumpution that

UuQ, - . ., Up—1 lin. independent and k arbitary,we proved the CH

Proof General case:

Define u for arbitrarily k as follows u; := k th column of A’ fori =0,...,n
letm < ns.t.ug,...,un—1lin. independent,but ug, ..., u,, not
so there existscg, ..., Cm_1 8.5 Uy + Cn_1Um—1+ ...+ coug =0
Defineq(t) = t™ + cpp 1 t™ 4+ ...+ 1t + co
Claim p 4 (¢) divisible by ¢(¢) so for polynomial r(t) = p(t) = q(t)r(t)
PROOF OF extend {ug, . .., Um—1 } to arbitrarily basis {ug, ..., Um—1,Vm,...,Vn_1}0fC
Aug=u; =0-up+1-uy +...

00 - -G
Aui =u2 =0 -ug+0-up + lus + ... Oltoﬂ‘;q 8)2
B: e I ~Conas
O | %
AUm—1 = Um = —COUQ — C1UL + ... — Cm—1Um—1 =
Avp = ...
Avp_1 = ...

Pp(t) = det(B — tI) = q(t) det(Bzz — tI) since Pp(t) = pa(t) = pa(T) = pp(t) = q(t)r(t)
foranyl <k <n = pa(A)er =1r(A)q(A)ex

=r(A) A"+ ...+ 1A+ col)eg = r(A) (um + Cm—1Um—1 + ... + crus + coug) = r(A)0 =0

pa(4) =0
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Lecture 12:

Beginning of the simple form:

Theorem 1

A e C""andT € C* ™ invertible then:

Ji
T AT =J J_< . )whereJi_)\I+N_

" T

We call here .J JORDAN NORMAL FORM and .J; JORDAN BLOCK
To go further we have some tools:

Tools:

KERNEL/NULL SPACE ker(4) := {x €V : Ax = 0}

RANGErange (A) := {Ax:x €V}

dimker(A) + dimrange(A) = n

x eigenvector of A corresponding to eigenvalue A if Ax = Ax
EIGENSPACE ASSOCIATED WITH A : ker(A — AI)

GEOMETRIC MULTIPLICITY OF A : dimker(A4 — A1)

Aeigenvlaue iff root of characteristic polynomial: p, = det(A — 21)
p(z) = (=1)"(z = A)" (2 = A2)* ... (2 — A\p)™F

where Ay, ..., A, distinct eigenvalues A and a; ALGEBRAIC MULTIPLICITY.

corresponding geometric multiplicity g;

Decomposition invariant subspaces:

Vi,..., Vi Cc V. VDIRECT suMofVi,..., Vi ifeachx € V can be written unique:

X=X +...+x; where x;€V; j=1,...,k
X=X1+...+%X; withx; €V;

=x;=%; fori=1,...k

notatioanVl@Vg@---@Vk

W C VINVARIANT UNDERA: xe W = Axe W
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Proof special case:

situationa; =g; i=1,...,k Aq1,..., A\ distinct eigenvalues
To prove:Ahasnlin. indep. eigenvectors

A diagonalizable

DTV a5

J; € C**! these blocks are \;, (a; times) wherei € {1, k}

Construct basis C" s.t. J matrix of Aw.r.t. that basis
by assumtion: dim N(A4 — \; 1) = g; = a;
Choose basis {u], ..., ul, } of N(A — \.I)
a1+ ...+ ax =n = nvectors inC"
claim these vectors linearly independent, basis of C"
SUBPROOF:  N(A— N\I) 2 v; = ajui + ajub + ...+ o ul,

k
ZViZO<Z>V1+V2+...—|—Vk:0
i=1
I will show thatv; =0 (i =1,...,k).assume not
V1,02, .., U 0 & vpyp1,... 0 =0
Note:i =1, ..., 7, the vector v; eigenvector with eigenvector \;
since A1, ..., A, distinct, the corresponding vectors are linearly independent

however vy + ...+ v, = 0this is impossible, so contradiction

the vectorsu? i=1,..., k&j=1,...,a;basisC"

J
C"=NA-M)P ... PNA- M)
Note: each N'(A — \;I) invariant
SUBPROOF x € N (A — \I) = Ax = \jx = AAx = \jAx = (A - \)Ax = 0= Ax e N(A — \;])
@ Diagonal matrix J of Aw.r.t {u;|z =1,...,k&j=1,...,a;}

M0 0.0
0 A 0.0
when we write this out for: = 1&j =1, ..., a; we get

total number of rows with a; is equal toa;

when we continue this, we find indeed the Jordan canonical form we had to obtain
Equivalent statements: fori =1,...,k

1)a; =g; 2)dim(A— N\I)=a; 3)Jordan blocks like above 4)Jordan form is diagonal 5)A diagonalizable
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Lecture 13:

situation C" = V(A — M )™ N (A - XD P -PNA - \D)™ m; € Z*
N(A = NI)™

Strategy :| Choose for each V; a basis {u, ..., u}, } = all together basis C"
Ay
since AV; C V; = Bof Aw.r.t. basis is blockdiagonal B = ( )
Ap

find correct bases for the matrices A;

A € C™"*" with characteristic polynomial p4(z) wheredeg(pa(z)) =n
Definition:

q(z) polynomial. ¢(z) ANNIHILATES Aifg(A) =0

Ezample: By CH-Theorem p(z) annihilates A.

Theorem:
A € C™*"™ = Jone monic polynomial pyi, (z) of minimal degree tha annihilates A.

PROOF:
Sa := {set of polynomials annihilate A}, take polynomial smallest degree: pyin(2)
ﬁmin(z) S SA = deg(prnin(z)) = deg(ﬁmin(z)) = pmin(z) = ﬁmin(z)

p(2) any polynomial annihilates A = Jg(z) (polynomial) s.t. p(2) = pmin(2)q(2)
PrOOF LEMMA Division algorithm: p(2) = ¢(2)pmin(2) + 7(2)

r(z) # 0and deg(r(2)) < deg(Pmin(#))

r(A) = p(A) — q(A)pmin(A) = 0 — ¢(A)0 = 0 = r(z) annihilates A
and deg(r(A)) < deg(pmin(z)) = contradiction

T(Z) =0= p(z) = q(z)pmin(z)

’ Continue with A ‘ Pmin

z) monic polynomial min. degree annihilates A.

(
Pmin (2) second monic polynomial min. degree annihilates A.

Pmin(2) = ¢(2)Pmin(2) because deg(pmin(2)) = deg(Pmin(2)) = q(2) =@ € R
)

ﬁmin(z &pmin(z) monic so qo = 1= pmin(z) = ﬁmin (Z) = pmin(z) unique
Theorem:
A € C"*" every eigenvalue of Aroot of pmin(z) converse also true.
PRrROOF:

pa(z) annihilates A = pa(z) = ¢(2)pmin(2) for some ¢(z)
Pmin(A) =0 = pa(A) =0 = Aeigenvalue A with corresponding xs.t. Ax = Ax

for any p(z) = p(4)x = p(A\)x
PROOF p(2) = prz" + ...+ p1z+po = p(A) = prA® + pr1 A¥ '+ 4 p1A+ pol

Pmin(2) = Pimin (A)X = Pryin (A)X $ince Proin (A) = 0&X # 0 = prrin(A) = 0

= 100tS Of Prin(2) = Pmin(2) = (2 — A1)™ ... (2 — Ap)™*
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Theorem:
a € C"*™and \; fori = 1,..., kdistinct eigenvalues, m; fori = 1,..., k integers like above. ThenV; =
N((A — N\ I)™i) satisifies:

1)V;is A-invariant  2)C" = Vi -+ P Vi

For the proof we need the following

Lemma 2:

A € C"*™let p(z) polynomial s.t.p(A) = 0. Ifp(z) = p1(2)p2(z) where those two polynomials have
no common root(so COPRIME),then:

N(pi1(A)) and N(p2(A))are Ainvariant
C" = N(pi1(4) PN (p2(4))

PROOF:

p1(2)q1(2) + p2(2)q2(z) = 1 = BEZOUT IDENTITY = p1(A)q1(A) + p2(A)g(A) =T
x €C" = x=pi1(A)@(A)x + p2(A)g2(A)x = x2 + X1
x5 € N(ps(A))
PROOF pa(A)x = pa(A)p1(A)g1(A)x = p(A)g1(A)x = ¢1(A)x =0
likewise x1 € N (p1(A))

sox = X1 +x3 = C" = N(p1(4)) + N(p2(4))

proof of the direct sum ‘ supposex = X + x5 withx, € N(p;(A))

X1 + X9 :X/1+X/2<:>X1 —x’1 :xé—xz

call this vectoru : u = (g1 (A)p1(A4) 4+ g2(A)p2(A))u =0
since p1 (A)&u = 0&p2(A)u=0=u= 0= x; = xj&x3 = x}
unique decomposition C" = N (p1(A)) EBN(pQ(A))

statement 2 of the Lemma is proven

now statement 2

x EN(pi(4)) = pi(A)x=0= Ap1(A)x = 0= Ap1(A) = p1(4)A
= p1(A)Ax =0 = Ax € N(p1(4))

simlair for A/ (p2(A))

PROOF OF THE THEOREM:

Pmin(2) = (2 = A1)™ . (2 — )™ = (2 — \)™ coprime since Ay, . . ., Ag distinet
by LemmaC" = Vi @ - - @) Vi with Vi = N ((A = \iI)™) quad(i = 1,... , k)

each V; is A -invariant
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Lecture 14:

So we have A

v i Vi = Viwhere V; = N((A = AJ)™)

Lemmas:

Lemma 1 of this lecture:
Aly, 1 eigenvalue \;
PROOF:

IxeVix£0st Alyx =Ax = Ax = Ax = (A= A1) X =0
Claim (A — \1)™ix = (A — \)™ix
(A= NDx = Ax — \ix = (A — \)x

by induction you can show that ) R
(A - )\iI)mIX = ()\ - )\i)m‘X

A= A)Mx=0&x #0= A=\

Lemma 2 of this lecture:
dim(V;) = a; algebraic multiplicity of \;
PROOF:

A
C”:V1@~-~@Vn:>A:< )
Ak

A1—ZI

= pa(z) =det(A —zI) = =det(Ay — zI)...det(Ar — 2I)

' Ap—=zI1
Lemma 1, A; has 1 eigenvalue, for now dim(V;) = n; Still unknown
det(A; — zI) = (—=1)"(z = X\)™sony + ...+ np=n

pa(z)=(-D)"(z=M)"...(z= )™ =>n;=a; fori=1,...,k

Lemma 4 of this lecture:
Geometric multiplicity of eigenvalue of A|v; denoted by A; is equal to g;
ProOF:

Geometric multiplicty = dim (M (A|V; — N\ 1) C V;
|B| Claim: N(A|V; = M) = N(A—\I) NV
x € N(A[V; = M) = x € Vi&A[Vx = Ax = Ax = hix = x € N(A = M) NV
x € N(A—ANI)NV; = AlVix = Ax = \jx = x € N(A|V; — A\,
| continue with A| dim(N (4 — A1) NV;) : note that N'(A — A\ T) C N((A = A\D)™) =V,
dimN(A - XNI)NV;) =dimN(A - \NI) =g;
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Lemma 3 of this lecture:
Linear map: A|V; so the a; X a; matrix A; has minimal polynomial (z — \;)™

PROOF:
A1 0 ... 0
0 A2 ... 0
A:
0 ... 0 A

definition minimal polynomial of A : ppin(2) = (2 — A1)™ ... (2 — Ag)™*

A=\ T mi (Ap—A; D)™

As—X 1 (Aa=A;I)™
fori =1,...,k: . =
- Ap—NiI A (Ap—AsT)™i

Pmin(Ad) =06 (A = NI)™ . (A — ND)™ =0 =
by Lemma 1 one eigenvalue A;.when j # i the matrices A; — ;I nonsingular = (A; — ;1) nonsingular
sincewe obtain (A; — A\;I)™* = 0 = (z — A\;)™ annihilates A;
good candidate minimal polynomial A; but assume that (z — )\i)li annihilates A; withl; < m;
= (A; = MDY = 0= defineq(z) = (2 = A\)™ ... (2= X) (2 = Ap)™
q(A) = 0,but deg(g(z)) < deg(pmin(z)) = contradiction,so (z — A;)™* minimal polynomial

Single linear map: A : ¥V x V with
1) dim(V) = A 2)eigenvalue(A) =X 3) pmin(2) = (z = A)™  4) geometric multiplicity A = ¢

For map A we want to construct basisVs.t. Ain Jordan form.
Special case:
Characteristic polynomial is minimal polynomial. We use notation

notation| N:A—X Nm=0 N™1+£0
properties| Jue V,u#0st. N" lu#0 N™u=0
Claim {N™~! ... Nu,u}basisV

PRrROOF A| see lecture notes

A1 O .. 0
OX1 0 ..0
Fact: Aw.r.t. basis above of V' is equal to them x mmatrix | : -. -
00 0 01
00 0 0\

I =] IHII

PROOF B | see lecture notes
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Normal case:
JORDAN CHAINset of nonzero vectors { N'~!u,..., Nu,u}s.t. Nlu =0
LENGTH OF JORDAN CHAIN:| € ZT SINGLE VECTORu # 0ifl = 1

Fact:

m < n =V basis consting finitely many Jordain chains, so basis consisting of nonzero vectors
soN'w; =0 Vie{l,...,k}

Nup ;=0 Vje{l,...,d}

Obviouslyly + ...+ lxtqg =a

PRrROOF: skipped.
Consequence:

ANli-1u; = ANli-1y;
AN'i—2u; = Nli-1u; + ANli-2y,
: fori=1,...,k
ANu; = 1N?u; + ANy;
Au; = 1Nu; 4+ Au;
Augpyr = Augy
= See[x]
Augig = Augyq
J € R*®witha = dim(V), k + d Jordan blocks, d of them 1 x 1.
k + dlin. independent nti—tu; fori = 1,... k&g 1, ..., Ugpra
=g=k+d
Pmin(A) = (z — AN)™andl; + ...+ Iy = m = deg(m) = size largest Jordan Block
Jordan block not unique, order can be changed
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